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Abstract— This article presents a comprehensive development
and testing of a run time assurance (RTA) filter for a torque-
controlled spacecraft in free rotational motion with torque
actuation limits for which the objective is to enforce a line-
of-sight constraint. A nondeterministic dynamical model is
considered for the spacecraft that accounts for disturbance
torques, and a guaranteed safe RTA filter is constructed using
recent results from mixed monotone systems theory for reachable
set overapproximations and optimization-based computation of
invariant sets. The RTA filter ensures that the system is always
within reach of an a priori safe terminal set by computing
reachable sets of the dynamics online at run time. The approach is
demonstrated on the Autonomous Spacecraft Testing of Robotic
Operations in Space (ASTROS) platform at the Georgia Institute
of Technology, Atlanta, GA, USA. In the experiment, potentially
unsafe inputs are provided by a human, and the RTA filter
overrides the human-commanded inputs when necessary to
guarantee safety. The controller update rate for the ASTROS
platform is about 10 Hz, while the RTA filter requires about
1 ms of computation time per controller update.

Index Terms— Aerospace safety, collision avoidance, mixed
monotone systems, optimization methods.

I. INTRODUCTION

HE recent proliferation of commercial and government
space missions, particularly in low Earth orbit, has

Manuscript received S5  October 2022; revised 27 September
2023 and 3 October 2023; accepted 11 November 2023. This work
was supported in part by the Air Force Office of Scientific Research under
Grant FA9550-19-1-0015 and in part by the Department of Defense under
STTR Contract FA9453-19-C-0621. Recommended by Associate Editor
M. Oishi. (Corresponding author: Matthew Abate.)

Matthew Abate is with the School of Mechanical Engineering and
the School of Electrical and Computer Engineering, Georgia Institute of
Technology, Atlanta, GA 30332, USA (e-mail: matt.abate @ gatech.edu).

Mark Mote is with Pytheia, Atlanta, GA 30308 USA (e-mail:
mark @pytheia.com).

Mehregan Dor, Corbin Klett, and Panagiotis Tsiotras are with the
School of Aerospace Engineering, Georgia Institute of Technology,
Atlanta, GA 30332 USA (e-mail: mdor3@gatech.edu; corbin@gatech.edu;
tsiotras @ gatech.edu).

Sean Phillips is with the Space Control Branch, Air Force Research
Laboratory, Kirtland AFB, NM 87117 USA.

Kendra Lang is with Verus Research, Albuquerque, NM 87110 USA
(e-mail: kendra.lang @ verusresearch.net).

Eric Feron is with the School of Electrical and Computer Engineering, King
Abdullah University of Science and Technology, Thuwal 23955, Saudi Arabia
(e-mail: eric.feron@kaust.edu.sa).

Samuel Coogan is with the School of Electrical and Computer Engineering
and the School of Civil and Environmental Engineering, Georgia Institute of
Technology, Atlanta, GA 30332 USA (e-mail: sam.coogan@ gatech.edu).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TCST.2023.3340624.

Digital Object Identifier 10.1109/TCST.2023.3340624

= RTA Mechanism -

Decision

r
! |
! ]
1

e Uges(®) 1 Logic | tace (X tges)
1 =

Controller 1 ? i Rlant
1
! |
! 1
1
! |
! ]
: Backup !
1 Controller :
! 1
Looeo 1 ______

X
Fig. 1. Run time assured control system architecture. Control inputs uges

are suggested by a potentially unsafe primary controller, possibly a human
operator. When necessary to preserve system safety, the RTA mechanism
applies, instead, a known safe backup control input u, to the plant. The
backup controller is certified to be safe via the explicit knowledge of a forward
invariant set and, in this way, system safety is ensured for all time.

motivated the need for increased autonomy capabilities for
space vehicles. Such advancements in autonomy can save on
costs and risks associated with human-in-the-loop operations
while improving vehicle reliability and performance. The term
assured autonomy has been applied in this context to describe
a vehicle or system that has the ability to safely perform
a complex mission or a set of missions in the presence of
uncertainty and without human intervention [1], [2].

Run time assurance (RTA) provides an elegant and highly
adaptable methodology for assured autonomy, with current
research and applications in the domain of spacecraft systems
[2], [3], [4]. The approach is associated with the system
architecture shown in Fig. 1, where an assurance mechanism is
employed between the plant and the primary controller. Given
a desired control policy, an assurance mechanism will filter
online the desired input in such a way that preserves system
safety while also ensuring that the desired control input is
passed to the system when it is safe to do so. In this way, the
addition of an RTA works to decouple the task of enforcing
safety constraints from all other objectives of the controller,
if any, and allows the designer to sidestep the common tradeoff
between performance and safety. The well-known examples
of RTA mechanisms include the Simplex architecture [5], [6],
[7], [8], which switches to a backup control scheme when
necessary (see Fig. 1), and control barrier functions (CBFs)
[9], [10], [11], which adjust the desired control actions in
a minimally invasive way to ensure forward invariance of a
predetermined safe subset of the state space.

This article presents a comprehensive development and
testing of an RTA filter for a torque-controlled spacecraft in
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free rotational motion subject to a line-of-sight constraint. Our
RTA filter uses mixed monotone systems theory to compute
reachable set overapproximations within the control loop, and
system safety is enforced online using a precomputed but
conservative invariant safe set. Our method accommodates
torque disturbances and guarantees safety for the spacecraft
when the disturbance input is bounded within a given
range. Furthermore, we design a novel sum-of-squares (SOS)
optimization program to compute a robust invariant safe set
given the system’s safety constraint and the disturbance input
bounds.”

The proposed algorithm can be summarized as follows.
We first assume the availability of a backup feedback control
policy that is verified a priori to render a given subset
of the state space robustly forward invariant. Motivated by
applications where such subsets are generally conservative,
our objective is to allow the system to safely evolve beyond
this initial verified subset. To do so, we propose computing
an overapproximation of the system’s reachable set under the
backup control policy. This is used to guarantee the safety of
states outside the verified subset by proving that the backup
controller provides a safe trajectory that returns the system to
the verified subset. Specifically, if the reachable set becomes
fully contained within the verified safe subset at some time
along the prediction horizon and it does not intersect with
the set of states where the line-of-sight constraint is violated
before that time, then a safe return trajectory is ensured.
We construct this assurance mechanism in the following way.

We begin by computing a safe backup control policy and
the corresponding safe subset of the state space in Section III.
The backup controller is designed to drive trajectories to the
backup set while saturating to adhere to the input constraints.
These actuation constraints on the backup controller make
it challenging to explicitly obtain a large, robust, and safe
forward invariant set a priori, further motivating the approach
proposed in this study where a conservative-but-verified safe
subset is coupled with reachable set computations to achieve
safety beyond the verified subset.

To compute reachable sets within the control loop, we pro-
pose using the theory of mixed monotone dynamical systems,
which provides an efficient technique for overapproximating
reachable sets using hyperrectangles and has previously
been demonstrated in online safety applications [12], [13],
[14], [15]. A dynamical system, possibly subject to a
disturbance input, is mixed monotone when there exists a
related decomposition function that separates the initial system
dynamics into cooperative and competitive state interactions
[16]. Mixed monotonicity applies to continuous-time systems
[17], [18], [19], [20], [21], discrete-time systems [22], [23],
controlled systems [16], [24], and systems with disturbances
[23], [24], [25]. This is the main point of study in Section IV,
where we show that closed-loop spacecraft dynamics under
the backup controller are mixed monotone, and we explicitly
compute a decomposition function for this system. An example
is provided in Section IV where we demonstrate how the
decomposition function is applied for the efficient computation
of reachable sets. In summary, mixed monotonicity enables our
RTA approach in three main ways.
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1) Mixed monotonicity provides a computationally efficient
approach for overapproximating the reachable set of the
spacecraft dynamics.

2) Mixed monotonicity readily allows for the incorporation
of bounded uncertainties in the state and dynamics,
as well as constraints on the control input.

3) In the case of line-of-sight constraints for spacecraft
systems, mixed monotonicity provides an efficient
technique for checking whether the system’s reachable
set overapproximation in the space of line-of-sight angles
is contained fully within the safe region, and this is true
even though the line-of-sight angle is not considered to
be a state of the system.

In Section V, we provide details of our hardware testbed,
the Autonomous Spacecraft Testing of Robotic Operations
in Space (ASTROS) platform, at the Georgia Institute of
Technology, Atlanta, GA, USA. A video of the experiment
is available at https://youtu.be/gl-zMepDm11.

A. Notation:

Given two vectors x € R” and y € R™, we denote the vector
concatenation of x and y by (x,y) := [xT,y"]T € R"*".
To denote collections of elements within a vector or a matrix,
we write x;;; € R/7*! to denote the i-to-jth elements of
x €eR"and A;. € R™™ to denote the ith row of A € R™™,
that is,

Xi:j = (X,‘,XH_I, e ,Xj_l,Xj)
Ai: =[Ai1 Ay oo Ainets Aim . (1)

Given a matrix A € R we denote by [A]" and [A]™ the
positive and negative parts of A, respectively, that is,

[A]F. = Aij, ifA;>0
i,] 07 if Ai,j <0
[A]” = A—[AT" @

Given x, y € R", we write x < y if and only if x; < y; for
all i. In the instance, where x <y, we let

[x,y] ={z e R"x <z and z < y} 3)

denote the hyperrectangle defined by the endpoints x and y
and we let

(x,y) :={z eR"|zi € {xi, y} Vi =1,...,n} “4)

denote the finite set of 2" corners of [x, y]. Finally, given
a = (x,y) € R with x <y, we denote by [a] := [x, y] the
hyperrectangle formed by the first n and last n components
of a. Note that for scalars x,y € R with x < y, the set
[x, ¥] C R is the interval of real numbers between x and y,
inclusive.

II. PROBLEM STATEMENT AND PROPOSED SOLUTION FOR
OBSTACLE AVOIDANCE CASE STUDY

We consider the problem of spacecraft attitude control in
the presence of a safety constraint on the allowable line-of-
sight angle of a spacecraft. A safety-assured controller is one
that is guaranteed to not violate the line-of-sight constraint.
In this article, the proposed solution for obtaining an assured
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Fig. 2. Depiction of spacecraft system. The inertially fixed reference frame

Fr = (O, 1 1.7, I? ) is shown in red and the body-fixed reference frame

Fp = (O, ? J, k) is shown in green. The line-of-sight angle, which is the
angle made between the % and K directions, is given by (7) and is shown
in blue. Note that the vectors w, u, and w in (5) are all taken with respect
to Fg.

controller is with an RTA mechanism that filters an unverified
control input online in order to ensure system safety at run
time. In this section, we first introduce the model for the
spacecraft attitude dynamics. Next, we discuss the real-world
system requirements that inform the construction of the RTA
mechanism. Finally, we present an overview of the RTA
algorithm that is further detailed in the following.

A. Spacecraft Attitude Dynamics

We study a rotating rigid body model of a spacecraft given

by

o) = J (o) x Jo(t) +u(t) + w(t)) 5)
where w(t) = (w,(1), wy (1), w (1)) € R3 is the vector of
spacecraft angular rates at time ¢, u(t) € U C R’ is the
vector of applied torque inputs, and w(t) € W C R’ is
a vector of disturbance torques. The set U/ incorporates, for
example, actuation constraints, and ¥V accommodates known
disturbance bounds. Furthermore, the matrix J € R**3 in (5)
is the inertia matrix for the spacecraft, which is symmetric and
positive-definite. In the following, for time-varying functions,
we generally omit the explicit dependence on time .

The components of @ describe the rotation of the body-
fixed reference frame Fp with respect to the inertial frame JF;
and the vectors w, u, and w are expressed in Fp (see Fig. 2).
We let 7, .= (O, 1 T, K) and Fp = (O,1i, j, k) so that,
without loss of generallty, the origin of the inertial frame O
is the same as that of the body frame, and the unit vectors
i, 7 and k and 7, J, and K form the right-handed orthogonal
bases for Fp and Fj, respectively, so that T x Jj — % and
IxJ=K.

There are many possible ways to represent the attitude
(orientation) dynamics of a rotating body, see [26] for a short
review. For reasons that will become clear in Section III,
in this work, we choose a two-parameter representation of the
attitude that describes only the orientation of the body-fixed

k-axis with respect to the inertially fixed K-axis.!

This two-
parameter attitude description, originally introduced in [27],
enforces a natural dimensionality reduction of the attitude
that eliminates the irrelevant rotation about the pointing axis
from the attitude description. Its utility for solving line-of-
sight/pointing problems has been demonstrated, for example,
n [28] and [29]. In particular, we describe the spacecraft
attitude using p = (o1, p2) € R2, where the time evolution of
p is described by

. Wy 2 2
p1 = @02+ wyp1p2 + 7(1 + 0t — p3)

w
—w.p1 + @y 102 + Tv(l + 05— p7). (6)

Following the derivations of [27], observe that the line-of-sight
angle of the spacecraft, which is the angle made between the
k- and K -directions, is given by

1— 2 2
0(p, w) := arccos(%)
L+ p7+p;
ie., p =0 when k points in the K -direction, see Fig. 2.
Combining the orientation dynamics (6) with the rotational

velocity dynamics (5), we have that the full spacecraft
dynamics are given by

P2 =

(7

o
w2+ wyp1p2 + — (14 pf — p3)

o1 2
: wy
” —w:pr+oxpripr+ (1403 = pi) ®)
J_l(—a) X Jo+u+ w)
which we hereafter denote as
x = f(x,u, w) 9

with state x = (p, w) C X € R> and where u € Y C R? and
w € W C R3 retain their definitions from (5). In the following,
we say that a control policy w:R x X — R? is admissible on
the set S C X if u(z; x) € U for all x € S and for all ¢+ > 0.

In addition, we denote by ®(¢; x,u, w) the state of (9)
reached at time ¢ when starting from state x € X at
time 0 and evolving subject to the feedback control u(-) and
the disturbance w(-). Throughout this article, we assume that
®(#; x,u, w) is unique when it exists. The time-f reachable
set of (9) from S C A under u is denoted as

R(; S,u) :={®(t;x,u,w)e X|x €S

for some w: [0,¢t] — W} (10)

which is the set of states reachable from S at time ¢+ > 0 under
some disturbance signal.

B. Safe Operational Behavior for Spacecraft Systems

Safety for the spacecraft system (9) is formalized via a
line-of-sight constraint. Specifically, we say that a state x =
(p,w) € X is safe when 60(x) < Oyax, Where 6(x) is given
by (7) and 6y, is a parameter describing the maximum

IThe general theory posited in this section for parameterizing attitude
extends naturally to other orientation definitions as well so_that one may
choose to represent orientation using, e.g., the body-fixed i-axis and the
inertially fixed J-axis. Moreover, the particular parameterization used in this
work, which uses k and K, is chosen without loss of generality and serves
only for ease of exposition.
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allowable line-of-sight angle, which is assumed to be fixed
a priori. To assess the safety of states, we employ a safety
constraint function

9(x) := (1 + pi + p3)(cos((x)) — cos(Bmax))  (11)
or equivalently
@(x) 1= (1 — co8(Omax)) — (1 + co8(Omax)) (07 + 03)  (12)

where we observe that ¢(x) > 0 only when x is safe and
@(x) < 0 otherwise. The set of all states x € X that satisfy
@(x) > 0 is referred to as the constraint set and is denoted by

Ca = {x € Xlp(x) = 0}. 13)

Thus, the goal is to construct a controller u that ensures
D (t; xg,u, w) € C4 forall ¢ > 0 and for all disturbance signals
w:[0, oc0) — W.

C. RTA Solution

Our goal is to design a feedback controller that ensures
the satisfaction of the safety constraint (12) along trajectories
of (9). One way to establish controller safety is through
invariance.

Definition 1 (Robust Forward Invariance): A set S C X is
robustly forward invariant for (9) under the feedback control u
if ®(¢t; x,u,w) € Sforall x € S, all r > 0, and all disturbance
inputs w:[0, ] — W, whenever ®(¢; x, u, w) exists. [ |

A feedback control policy u is said to be safe for (9) if there
exists a set S so that S is forward invariant for (9) under u and
S € Ca. Applying u to (9) then ensures 6(x) < Onax for all
time, so long as x(0) € S. While forward invariance provides
a theoretical foundation for assessing safety, for complex
nonlinear systems, such as (9), with control input constraints
and disturbances, there generally do not exist prescriptive
formulas for generating safe controllers and forward invariant
regions. The solution in this work is to employ an RTA
mechanism in-the-loop, which filters an unsafe desired control
input at run time to ensure the existence of an implicitly
defined forward invariant set in the state space (see Fig. 1).
The RTA switches between two competing control policies:
a performance-driven desired control policy and a verified
backup control policy.

First, consider a desired control policy uges(?; x) for the
system (9). The desired controller is assumed to satisfy some
performance control objective but is not directly applicable
to (9) due to the fact that: 1) uges may not be safe, that is,
applying uges may cause the system to leave C4 and 2) uges
may not be admissible, that is, there may exist a state x € Cy
so that uges(#; x) ¢ U at some time ¢.

Next, suppose that we have knowledge of a backup control
policy u,(x) for (9), which is certifiable safe via an explicitly
defined, but potentially conservative, forward invariant safe
terminal set C,, € C4 and is also admissible, i.e., u,(x) € U
for all x € C,. Applying u,(x) to (9) now ensures that all
state trajectories remain in C, € C4 and guarantees system
safety for all time. However, applying such a backup controller
may not be preferable; indeed, backup controllers are typically
designed without considering performance objectives and it
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is possible that, for instance, C, is too small to allow for
satisfaction of performance criteria.

We now have the requisite tools to construct our RTA
mechanism, see Fig. 3 for a topological description of the
algorithm. We assume that the control input is updated with
a time step of At. At every update time ¢ = kAt for
k=0,1,2,..., the RTA consists of the following steps.

Step 1: Receive as inputs.

1) The current system state, xo := x(¢) = x(kAt).

2) The desired control policy uges.

3) The backup control policy u,.
Step 2: Compute an  overapproximation &), )
R (t4es; X0, Uges) for some constant fges > 0.
Compute a sequence of overapproximations under
the backup controller X,f D R(kty/k*; Xp, up) for
k=1,..., k" for some k*.
If p(x) >0 for all x € X? and all k € {1, ...,k*},
and X,fl C Cp, the desired input uge(t, xo) is
allowed to pass to the system unaltered for the
next controller update step of length Az. Otherwise,
when the above constraints are not met, the backup
control input u,(xg) is applied to the system.
We make the following remarks.

1) In the above RTA algorithm, #4, 5, and k* are tunable
parameters. Note that we do not require #4.5 Or #; to be a
multiple of Ar.

2) While the controller is updated with discrete time step
At, the reachable set overapproximations are computed
in continuous time. In principle, these sets are obtained
by any method for obtaining overapproximations of
reachable sets of continuous-time systems, but many
reachability methods are not computationally efficient
enough to be used in real time in the control loop.
In the following, we propose a method for obtaining
reachable set overapproximations with a single simulation
of an ordinary differential equation representing an
appropriately constructed embedding system.

3) The RTA logic is executed at the beginning of each
controller update step. We assume that the computation
time required for evaluating the RTA logic is negligible
compared to the time step Af. In the hardware
demonstration given next, the RTA logic execution time
is about one-hundredth of the controller update time.

4) We assume that the entire desired control policy uges is
available to the RTA; however, in practice, we only need
the desired input for the current controller update step,
and then, it is sufficient to have an approximation of
the desired policy from ¢ + At to ¢, which is required
to compute X, in Step 2. This approximation can be
obtained by, e.g., assuming a zero-order hold on the
desired input. This is done in the example of Section V,
where the desired control inputs are generated by a human
with a joystick.

The RTA mechanism acts to filter the desired control input
online, and this approach guarantees system safety while also
ensuring that the desired control input is passed to the system
when it is safe to do so. A benefit of this approach, as we
shall see later on, is that it allows system trajectories to leave

Step 3:

Step 4:
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Fig. 3. Topological depiction of the RTA algorithm. The state space of (9) is
X C R, and the set of states satisfying the safety constraint (12) is C4 C X.
The RTA is constructed via a backup controller u,, and the set Cp, is forward
invariant for (9) under u,. At each time 7, when (9) is at state x(t), the
RTA first computes an overapproximation of the time-#4cs reachable set of (9)
from x(z) under uges, and this overapproximation is denoted X),. Next, for
all ¢t € [tp,tp + tp], the RTA computes an overapproximation of the time-f
reachable set of (9) from X}, under u,. In instances where there exists a
time T € [0,¢, + 5] for which R(T; x(t)) C Cp and for all T € [0, T],
we have R(t; x(t)) C Ca, the desired control input uges(x) is applied to (9).
Otherwise, the backup control input u,, (x) is applied. In this way, we guarantee
that x(¢) € C4 for all + > 0, that is, the control input produced ensures the
satisfaction of the safety constraint (12).

the backup set C, when it is verified online that the current
system state can safely return to C, on a finite time horizon.
In this way, employing an RTA mechanism eases the task of
computing a large forward invariant set C, a priori and offloads
computation to online reachability analysis.

We begin by computing a safe backup control policy u, and
the corresponding safe set C;, for (9) in Section III. The backup
controller is designed to cancel nonlinearities in the dynamics
but saturates in order to remain admissible. This saturation
contributes to the difficulty of computing an explicit, large
robust forward invariant set a priori, further motivating the
approach proposed in this article in which a conservative-but-
verified safe subset is coupled with reachable set computations
to achieve safety beyond C,. Computing reachable sets in the
presence of disturbances can be computationally costly and not
suitable for run time implementation. Nonetheless, we show
how the theory of mixed monotone dynamical systems can be
leveraged for the efficient computation of robust reachable sets
for (9). This is the main point of study in Section IV where
we show that the closed-loop spacecraft dynamics (9) under a
particularly constructed u, is a mixed monotone system and
compute a decomposition function for this system. An example
is provided in Section IV where we demonstrate how the
decomposition function is applied for the efficient computation
of reachable sets.

III. CONSTRUCTING A ROBUSTLY FORWARD
INVARIANT SAFE TERMINAL SET

In this section, we construct a safe terminal set C, that is
robustly forward invariant under some terminal control policy
u, constructed jointly with C,. Such a set and controller
are generally computed offline, either analytically or via

optimization techniques, and inserted into the RTA filtering
mechanism as an assurance that the backup controller will
lead to safety.

Definition 2 (Safe Terminal Set and Terminal Control
Policy): A nonempty set C, with accompanying feedback
control policy u; is a safe terminal set and a terminal control
policy if the following conditions hold.

1) C, C Cy.
2) The control policy is admissible, i.e., u,(x) € U for all
X € Cb.
3) C, is robustly forward invariant for (9). [ |
We aim to construct a safe terminal set C, as a zero
superlevel set of some function /,(x), ie., C, = {x € X

|hp(x) > 0} for some continuously differentiable function
hp:X — R.

Proposition 1: Given a continuously differentiable function
hp(x) and a control policy u,, the set C, = {x € X|hy(x) > 0}
is a safe terminal set, and u, is a corresponding terminal
control policy, if the following two conditions hold.

1) For all x such that &;(x) > 0, ¢(x) > 0 and u,(x) € U.

2) For all x such that hy(x) = O and for all w € W,

Vhy(x) # 0 and

Vhy(x) f(x, ur(x), w) > 0. (14)

Remark 1: The above conditions imply that C, C Cy, u,(t)
is admissible, and (14) ensures that C, is robustly forward
invariant [30]. |

The set Cp, should be as large as possible to give the primary
controller the flexibility to operate over a wide range of states.
In other words, a large C, will ensure that a safe backup
strategy will almost always be available, and only infrequently
will the primary controller find itself approaching a state where
a future safe backup policy may not exist. Furthermore, a large
Cp can ease the computational workload of the RTA because a
larger set generally reduces the time horizon, which must be
searched to show that a safe backup policy exists.

Several strategies are available to find a set that satisfies
the conditions in Proposition 1. Such strategies generally
resemble a multiobjective nonconvex optimization problem
that can be broken into convex subproblems; iterating
through these subproblems can yield a set C,, which both
satisfies Proposition 1 and allows for the system to perform
satisfactorily with the RTA in the loop. An example of
two competing objectives is the need to maximize the
size (volume) of the set while maintaining the robustness
requirement. These two objectives compete because a low-gain
controller is necessary to ensure that u(x) € & when 6(x) is
far from the origin, but a high-gain controller is needed to
produce a set that is forward invariant for all w € W.

Since the attitude dynamics of the spacecraft are polynomial
functions, we propose using the SOS optimization framework
to obtain a safe terminal set C, that certifiably satisfies
the positivity requirements given in Proposition 1. A com-
prehensive description of the theory of SOS optimization
and its applications to control systems is given in [31]
and [32]. The search for an SOS polynomial can be written
as a semidefinite programming (SDP) problem, for which
many proven solvers exist. A related approach uses the
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same underlying machinery to solve a similar spacecraft

control verification problem by framing it as a generalized

moment problem [33]. In the following, we assume a general
knowledge of SOS optimization and the tools used to translate
the requirements of Proposition 1 into an SOS search problem,

such as the S-Procedure [34].

A procedure to compute C, is now outlined. We say that

a real polynomial s(x) € SOS if there exist some real

polynomials p;(x) such that s(x) = >, p?(x).

1) Stabilize to Safety: We first hypothesize a control policy
u,(x) that will create a forward invariant safe region for
the spacecraft system (9). To do this, we exploit the
structural properties of the system and design a controller
with a Lyapunov certificate of stability on a bounded safe
subset of the state space, assuming that the disturbance
is not present. In general, any stabilizing controller can
be used with the main results of this work and Step 2);
see [35], for example, for a stabilizing linear controller
for (9), which is inertia-free and in terms of the state
variables p;, 0y, and w, and where stability is certified
via a quadratic Lyapunov function. For experimental
convenience, in this section, we focus specifically on the
linearizing controller

u(x)=wxJo+ Kx (15)
which can tuned via the gain matrix K € R* in
order to ensure the stability of the closed-loop dynamics
of (9). To prove local stability, we use a linearization of
the closed-loop dynamics x = Ax. We then compute a
positive definite matrix P, which satisfies the Lyapunov
equation ATP + PA + Q = 0 for some positive
definite matrix Q. In this way, V(x) = x'Px is
a Lyapunov function for the linearized system, which
implies that the nonlinear dynamics in (9) are also locally
exponentially stable to the origin. Furthermore, this local
Lyapunov function V (x) for (9) can be used to construct
hp(x), which satisfies Proposition 1. In practice, the
linearizing controller will be applied to the system via
a monotonically increasing saturation function u,(x) =
¢ (w x Jw + Kx) where the saturation function ¢:R> —
U ensures the admissibility of w,. In the following,
we use knowledge of the input constraints U/ to construct
controller gains and verify a safe-controlled invariant set
for (9) in the presence of disturbances using the Lyapunov
function V.

2) Specify Candidate Cp: In this step, we establish that
o(x) > 0 and w,(x) € U are satisfied by all states
in the sublevel set V(x) < y for an appropriately
chosen y. To that end, we assume that I/ is of the form
[—41,max> U1,max] X [—2,maxs ¥2,max] X [—U3,max> U3 max]s
although it is straightforward to incorporate other
semialgebraic set characterizations for /. We then
perform a line search over y in order to find the largest
value of y such that there exists s;(x) € SOS and
& > 0 that satisfy

—& — ci(x) +5i(x)(y — V(x)) € SOS (16)
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foralli =1,...,7 where

{ci(x), ..., c7(0)}

= {(p(x)» Ujmax — MT,j(x), Ujmax + MT,j(x)}

is a set of constraints encoding the safety and control
constraints. Then, we have h(x) = y — V(x) as a
candidate-level set function for defining Cp.

3) Certify Robust Forward Invariance: In this step, we estab-
lish that (14) is satisfied by finding A > 0, a polynomial
p(x, w), and SOS polynomials s;(x, w), s2(x, w), and
s3(x, w) satisfying

A+ h(x,w) — px, wh(x) — s1(x, w)(wﬁ1ax — wz.)

X

=520, W) (Wi 2 —w?) € S0s.

— wi) — s3(x, w) (w2
Then, we set the resulting h,(x) as h(x) and take
Cp = {x € X|hy(x) = O}

4) Measure Set and Iterate: Comparison functions can be
constructed in order to describe the “volume” of the set
Cp. Then, various control policies u,(x) can be tested to
find C;, of size and shape, which allows for satisfactory
performance of the system with RTA in-the-loop while
satisfying the safety and control constraints. Examples of

such an iterative procedure are given in [36].
The above procedure computes certificates that are sufficient

to verify that the conditions of Proposition 1 are satisfied. Note
that if an optimization problem does not generate a feasible
set of decision variables, it does not necessarily mean that the
conditions of the proposition are not satisfied. In some cases,
a set of higher order polynomial constraints can be specified
when the second-order polynomials used in this article do not
produce results; examples are given in [32]. In addition, the
parameters ¢; and A provide a measure of the margin by which
a condition is satisfied in the worst case, which may occur at
some location on the boundary of C,.

IV. EFFICIENT REACHABILITY ANALYSIS
VIA MIXED MONOTONICITY

The RTA architecture proposed in this work uses mixed
monotone systems theory to efficiently compute reachable
set overapproximations online. We present the basic the-
ory of mixed monotone systems in Section IV-A. Then,
in Section IV-B, we show that closed-loop backup dynam-
ics (9) under (15) are mixed monotone and explicitly
compute a decomposition function for this system. We present
an example in Section IV-C, where we demonstrate how
the decomposition function for (9) enables the efficient
overapproximation of reachable sets for (9).

A. Preliminaries on Mixed Monotone Systems Theory

Consider a dynamical system

i=Fx,w) (I7)

where x € X C R"” and w € W := [w, w] C R™ denote the
system state and a bounded time-varying disturbance input,
respectively.

Definition 3 (Mixed Monotonicity [16]): Given a locally
Lipschitz continuous function d:X x W x X x W — R%,
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the system (17) is mixed monotone with respect to d if for all
x,x € X and all w, w € W all of the following hold.
1) d(x,w,x, u))—F(x w).

2) (9d;)/(9x;)(x, w, x,w) >0, forall i,j € {1,...,n},
with i # j, whenever the derivative exists.
3) (8d;)/(dx)(x, w,x, w) < 0, for all i,j € {1,...,n}

whenever the derivative exists.
4) (8d;)/(@w;)(x,w,Xx, w) > 0 for all i € {1,...,
all j e{l,..., p} whenever the derivative exists.
5) (8d;)/(Ow;)(x,w,x,w) < 0 for all i € {1,...,n} and
all j e{l,..., p} Whenever the derivative exists. [ |
If (17) is mixed monotone with respect to d, then d is a
decomposition function for (17) and

HREE N i

n} and

(18)

is the embedding system relative to d. An important feature
of mixed monotone systems is that overapproximations of
reachable sets can be efficiently computed via a single
simulation of the embedding system.

Proposition 2 [16]: Let (17) be mixed monotone with
respect to d and choose S := [x,x] C X. If ®E(t; (x, X)) € X
x X for all ¢ € [0, T], then

R(t;8) € [®%(1; (x.%))] (19)
where ®f(¢; 5) is the state of the embedding system (18) at
time ¢+ when beginning at state s € X x X at time 0 and
R(t; S) is the time-t reachable set of (17).

Proposition 2 provides an efficient algorithm for over-
approximating reachable sets for (17): a simulation of the
embedding system for time-horizon ¢, starting from state
(x,X), identifies a hyperrectangular overapproximation of
R(#; [x,x]) where the largest and smallest points in the
rectangular approximation are taken to be the first n and last n
coordinates of the simulation endpoint ®£ (¢; (x, X)). The main
challenge in this approach, however, is in identifying a suitable
decomposition function for (17); generally, a mixed monotone
system will be mixed monotone with respect to many
decomposition functions. However, certain decomposition
functions may provide more/less conservative approximations
of reachable sets than others when used with Proposition 2.
This is the main point of study by Abate et al. [37] where they
show that all systems of the form (17) with a locally Lipshitz
continuous vector field are mixed monotone with respect to
a unique tight decomposition function that provides a tighter
approximation of reachable sets than any other decomposition
function for (17).

Proposition 3: Any system (17) is mixed monotone with
respect to decomposition function d constructed elementwise
according to

min_ F(y 2), if (x,w)=<(, w)

yelx,x]
Yi=X;
ze[w,w]

max F;(y, z),
)yl[—xl
z€[w,w]

di(x,w, X,

(20)

if (X, w)=<(x,w).

Moreover, for all other decomposition functions d’ for (17)
and any initial set S = [x, X]

R(t: S) € [@F (1; (x,%))] S H‘DE,(“ (. ’7))}]

where ®F and ®" denote the state transition functions of the
embedding systems constructed from d and d’, respectively.

We refer to the unique decomposition function constructed
in (20) as the tight decomposition function for (17). While
it is sometimes possible to attain a tight decomposition
function in closed form, as posed in (20), computing
a tight decomposition function generally requires solving
a nonconvex optimization problem for each quadruple
(x,w,x,w) and the computational infeasibility of (20)
implies that it is of limited direct use. For this reason,
computing decomposition functions using other means can
be preferable, see [24], [38] for an algorithm for computing
decomposition functions for systems with uniformly bounded
Jacobian matrices and see [39] for an algorithm for computing
decomposition functions for systems defined by polynomial
vector fields.

Computing a decomposition function for (9) is the subject
of Section IV-B.

21

B. Decomposition Function Construction

In the setting of the spacecraft system (9), we construct
a decomposition function by viewing the closed-loop backup
dynamics as an interconnection between two subsystems: one
describing the time-evolution of p and the other describing
the time-evolution of 2 := Jw, where J is the inertia matrix
in (9). Studying a linearly transformed set of the dynamics in
this way enables reduced conservatism in the approximation
of reachable sets using Proposition 2—as studied further in
[40] and [41]—and we demonstrate this assertion later through
example in Section I'V-C.

Proposition 4: The closed-loop spacecraft dynamics (9)
under (15) are mixed monotone. In particular, the orientation
dynamics (6) in (9) are mixed monotone with respect to a tight
decomposition function attainable in closed form.

We next sketch the proof of Proposition 4 by computing
individual decomposition functions for the orientation and
velocity dynamics.

1) Orientation Dynamics: We first show that the orientation
dynamics (6) are mixed monotone with a tight decomposition
function attainable in closed form. The proof of this result is
sketched below through the derivation of d”!, the first entry of
the tight decomposition function for (6), which later becomes
the first entry of a decomposition function for (9). For the
purpose of this section, we write the p; dynamics as
(22)

= FP'(x) = xpX5 + X1X2X4 + 1+ )c1 — x%)

5
where we recall that x = (p, @) € R’ so that, e.g., x; = p.
The derivation of d”' is given in Table I and we elaborate
on the derivation given next; in Table I, we use d”' (x,x) to
denote the decomposition function, where we now omit the
2nd and 4th arguments of d”' (x, w,x, w) to reflect the fact
that (22) contains no disturbance 1nput.
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TABLE I
DERIVATION OF THE FIRST ENTRY OF DECOMPOSITION FUNCTION

min_ yoys +y1yeya + L(1+yi —y3) if 2=T,
y€Elx,z]
~ y1=c
P (z, ) =4 T W12 y2) if5< (23)
max  yoys +y1y2ys + B (1 +yf —y3) if T=2=.
y€[@,a]
y1==1
min min_ (—%’)y% + (ys5 + z1ya)y2 + y73(1 + w%) if x<7,
_ y3:5€{(w3:5,85:5)) Y2€[w2,T2] (4
max max (= %)y3 + (y5 + z1ya)y2 + £ (1 +27) ifT<z.
y3:5€(@a:5,25:5)) Y2€[F2,2]
min > if =<7,
_ y3:5€ (23:5,75:5)) 25)

—y3/2
max

y3:5€(T3:5,23:5))

Ys5+T1y4

—y3/2

dQuad (o To, | vsteiva
ya(1+23)/2
[ys(lJrIf)/?

D ite<a.

Computing a tight decomposition function for (22) requires
solving the nonconvex optimization problem (20) in closed
form, where F(x,w) in (20) is taken to be the vector
field F*'(x). This optimization problem is given by (23).
A key observation in our approach is that: 1) each constraint
in (23) depends on only one state variable and 2) the vector
field F”'(x), which forms the objective function in (23),
is linear in x3—xs. This allows us to rewrite (20) as a nested
optimization problem (24), where now, the outer optimization
problem in (24) is evaluated over the finite set and the inner
optimization problem in (24) is evaluated over the single
variable y,.

The next step in the derivation involves replacing the inner
optimization problem in (24) with a closed-form expression.
To do this, consider a system with quadratic polynomial
dynamics

x = FOY0) = aw’ + bw + ¢ (26)

where x € R is the state, w € R is the input, and @, b,c € R
are fixed parameters of the vector field. Observe that (26) is
mixed monotone with a tight decomposition function given in
closed form by

d¥ w, W, | b
c

min_ az’ +bz+c, ifw<w
f

_ z€[w,w]
max az>+bz+c, i w<w
zelw,w]
([ —b>+ 4 —b R
ﬁ, if — € [aw, aw]
4a
FRu4y),  if — ¢ [aw, aw] and
_ 2 27
- O<aw+aw+b (
—~ .. —b N
F(@), if 5 ¢ [aw, aw] and
O0>aw+aw+b
where we omit the second and fourth inputs in

d¥(x, w, X, w) to reflect the fact that Fd(w) depends
only on w and we include (a, b, c) as an input to d2% so

that the formulation is applicable across all choices of a, b,
and c. Observe that the optimization problem in (27) is the
same as the inner optimization in (24) when w, w, z,a, b,
and c in (27) are taken to be x5, X5, y2, —y3/2, ¥3 + X1 y4, and
y3(1 + x7)/2 in (24), respectively. Thus, we can replace the
inner optimization problem in (24) with a single evaluation of
d?4d_ which has a closed-form solution [see (25)]. Evaluating
d”" involves computing a finite optimization problem over
eight evaluations of d®ad and, thus, we have arrived at a
tractably computable representation of the tight decomposition
function for (22).

2) Angular Velocity Dynamics: We next study the closed-
loop angular velocity dynamics (5) under the backup
controller (15), namely,

o=J"(—oxJo+¢(®x Jo+ K,0+ K,p) + w)
(30)

where, as in (15), ¢:R? — U is a monotonically increasing
saturation function and K = [K,, K,] € R3*3 x R3*? are
linear controller gains. For reasons that will be made clear
later, we consider a linear transformation on the state space
of (30) Q = Jw so that the dynamics of €2 are given by

Q= FQ(x’, w) = —(J’ISZ) x Q

+o((J7IQ) x @+ K, J IR+ Kpp) +w (1)

with state x’ = (p, Q). The purpose of this section is to
construct a decomposition function for (31), as in [40], where
the authors discuss how considering a linear transformation
of the system dynamics can allow for reduced conservatism
in the approximation of reachable sets using Proposition 2.

We sketch the construction of a decomposition function
for (31) through the derivation of d', the first entry. This
derivation is provided in Table II.

The first entry of the dynamics (31) is given by (28),
where FQ4d i5 given by (26) and where we use the shorthand
notation

-1 -1
1 131’2 2 _le’3
Ty, = J3f1521 , Tg = —JZ‘JSZ] (32)
0 0
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TABLE II
DERIVATION OF THE THIRD ENTRY OF DECOMPOSITION FUNCTION
Q1 = FO (02,74, ) + FO= (25,73, ) — ¢ 003 + & (FO (02,78, ) + F (03,78, ) +¢Q0Qs + K p) w1 (28)

M (2, w,7, @) = d2 (02,02, T4, ) +d (g, 05,73, ) + M (023, Doz, —c) +

+ (a2 (00,0, 73, ) +d2™ (25,05, T4, ) + ™ (03, Dz, ) + (KL o+ (KL )75) +wn - (29)

—J32

T, = | —J5 i@ + I K s+ I K+ I Ks | (33)

(Jl_,llKl_a + JZ_JIKIA + J3T11K1,4)/2

- -1
4 1 1 J2’3 1 1

To = | S+ J 3K+ LH3Kia+ J55K0s (34

(J[]lKl,s + J{}K1,4 + J3f]1K1,4)/2
c=Js, —J53. (35)

Observe that the terms 7, , T3, Tg , and Tg are functions
of ;. Since (28) is constructed as the sum of functions
with known decompositions, we can compute a decomposition
function for (28) as the sum of the decomposition functions
for the individual elements of the sum, see (29) in Table II.2
In Table II, we denote by

min azizp, ifw=<w
~ ze{w,w
d™(w, W, a) = o (36)
max az1zz, Iif w <

ze(,w)

the tight decomposition function for the mixed monotone
system

x = FM'Y () = aw w, (37)

where x € R is the state, w € R? is the input, and a is a fixed
parameter of the vector field. Moreover, since (29) contains
only optimization problems over finite sets, we have arrived
at a tractably computable decomposition function for (28).

C. Application of Mixed Monotonicity in Spacecraft Attitude
Control

Combining the subsystem decomposition functions
for (6) and (31) requires rectifying the fact that the two systems
contain different state variables, that is, (6) depends on x =
(p, w), whereas (31) depends on x" = (p, Q). For this reason,
in our work, we construct a decomposition function for (9)
using a slight modification of the decomposition function
d”' from (25), modified to account for the fact that the state
vector has changed to include 2. Nonetheless, the resulting
dynamics (6) are still linear in Q2 = Jw, and thus, the resulting
decomposition function used in this work is still tight for (6).

2Even though (29) is constructed from tight decomposition functions
for (26) and (37), the resulting decomposition function is not tight for (28).
Viewing the vector field as a sum, in this way, is known to lead to
nontight decomposition functions and, in general, it is preferable to minimize
the number of sum elements, when possible, to attempt to minimize the
conservatism. This is the main reason for considering a transformation of the
dynamics, i.e., considering (31) rather than (5), as the transformed dynamics
are constructed via sums of fewer elements and therefore yields a tighter
decomposition function using this approach.

Letting d”(x’,x’) denote this decomposition function,
we have that X’ = F(x’, w) is mixed monotone with respect
to
(33)

~ o~
’

d(x,,w,jf\/, w) - [dg(x,’ w, X,

and Proposition 2 now implies that the reachable set
of (6)—(31) from state x’ € R’ is efficiently overapproximated
using

d° (v, %) )}

R(t:x' w) € [@F (1; (v, x))]

where ®F is the state transition function of the embedding
system (18), taken with respect to d, and R(¢; x’, u,) is the
reachable set of (6)—(31) under u, as in (10). Equivalently, for
all w:[0, t] — W, we have that

(p, Jw) € [®F(1: (x, x))]

where (p, w) = ®(¢; x,u,, w) and x € X is the initial state.
Furthermore, defining by

RO (1:x',wp) := {80y € R(r: ' wp)}

the system’s reachable set in the space of line-of-sight angles,
we have that

R (15, w) < ©([@F(1: (v, 2))])

where ®(-) is an inclusion function for 0(-) as defined in [42],
see also [41]. A demonstration is provided in Fig. 4 where
we apply (42) in order to overapproximate RY(¢; x',w,) for
t €10, 15] and

(39)

(40)
(41)

(42)

1
x={(—,0,0.1,0.1,0.1 43)
(ﬁ )

that is, #(x) = 60° and wy = (0.1, 0.1, 0.1) rad/s.

V. HARDWARE DEMONSTRATION OF ASSURED SAFETY

We demonstrate the proposed framework for assured safety
with an experiment at the ASTROS experimental facility [43],
located at the Dynamics and Control Systems Laboratory,
Georgia Institute of Technology.

The ASTROS platform is composed of two structures,
namely, the upper and lower stages, see Fig. 5. The motion
of these two stages is restricted or rendered free by exploiting
two pressurized-air bearing systems, allowing for frictionless
motion in up to five degrees of freedom, three of which are
of rotation and two of translation. A hemispherical air bearing
situated between the lower and upper stages allows for free
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Fig. 4. Demonstration of the reachability procedure posited in (42).

The initial state x given by (43) is shown in blue, and the deterministic
trajectory 6(®(t; x, up, 0)), arising from the case with no disturbances,
is shown in black. The overapproximation of R?(t;x’,u,) attained from
applying (42) with the decomposition function (38) for the transformed
dynamics (6)—(31) is shown in red. As a comparison, we show also a similar
reachable set approximation, attained from a decomposition function for the
untransformed dynamics in (9). This second approximation, which is much
more conservative, is shown in blue.

Uiseer Camera
Stage NVidia
Jetson TX1
Thruster SpeedGoat
Pack Computer
Lower
Stage

Fig. 5. Main components of ASTROS experimental testbed.

rotation of the upper stage around two perpendicular horizontal
axes. In addition, a linear air-bearing system between the
lower stage and the floor levitates its lower stage off the near-
perfectly flat floor, providing two degrees of planar translation
plus one degree of rotation (2 + 1 configuration), although
this mode of motion was fixed during our experiment. The
platform is fit with 12 cold-air gas thrusters in a 3-3-3-3 pack
configuration, which, when fired, generate forces and torques
to allow it to actively maneuver in the test arena.

The ASTROS testbed also possesses an inertial measure-
ment unit and a rate gyro, which, when paired with an
extended Kalman filter (EKF), allows it to estimate the
position, attitude, linear velocity, and angular velocity of
the upper stage. In addition, a 12-camera VICON motion
capture system provides accurate position and orientation
measurements of the ASTROS upper stage at a rate of 100 Hz,
which are also incorporated into the EKF.

The actuation of the thrusters is performed by dedicated
power electronics in response to control signals computed
onboard using an embedded SpeedGoat computer. The
computer compiles and executes a program derived from a
prototyped Simulink model incorporating sensor measurement
acquisition, control computation, actuator allocation, and
input—output communications with devices on the platform
in real time. A linear program leveraging GLPK [44] runs
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in real time and allocates control to the 12 thrusters such
that the resulting torque equals the requested torque control
computed by our controller while minimizing pressurized air
(fuel) usage. The 12 allocated control values are then emulated
via a pulsewidth modulation (PWM) scheme, thus generating
thruster ON—OFF commands that are executed at a cycle rate
of 10 Hz with a duty cycle resolution of 0.01 s.

The experiments were conducted with an admissible control
set Y = [-2,2] x [-0.5,0.5> Nm and considered
disturbance torques in W = [—0.02,0.02]> Nm. Also, the
inertia matrix of the spacecraft was considered to be

175 —08 0.3
J=|-08 149 04 | kgm’. (44)
0.3 04  20.8

We first design a controlled forward invariant set via the
procedure in Section III. We use the control policy (15)
resulting from the solution to a linear quadratic regulator
(LQR) problem involving the linearized dynamics. In particu-
lar, we consider a backup controller

u,(x) = ¢p(w x Jo+ Kx) 45)

where the term ¢:R3 — U is a saturation function, included
in order to ensure the admissibility of u,. An LQR problem is
solved in order to penalize torque control effort along the axes
that have smaller actuation limits. This approach was iterated
over using various cost functions in order to find a controller
that would permit the largest possible set that is both robust
and that does not saturate the actuators. The gain used is

100.0 —-04 4673 3.5 —14
K=102x| 03 70.6 5.1 330.8 4.2
1.4 -59 4.0 —20.0 99.8

(46)

The resulting closed-loop linear system is then used to
compute a Lyapunov function V(x) = x T Px with

20.0 2.1 6.5 1.1 —-1.5
2.1 26.7 1.1 100 24
P={ 65 1.1 3233 17.6 28 47)
1.1 10.0 17.6 3785 —44
-15 =24 =28 —44 288.1

The set C, was computed via the procedure outlined in
Section III, and optimal sets of the decision variables were
computed for y = 17.1 using the second-order polynomial
and SOS multipliers. The set C, is therefore defined with
hy(x) =y — V(x).

In the experiment, a 5° avoid cone is considered (Oax =
175°). As shown in Fig. 6, the avoid cone is constructed in
such a way that prevents an onboard laser beam from entering
a ring placed approximately 18 ft away from the vehicle’s
center of rotation. The desired control input to the vehicle
is provided by a human-controlled pilot joystick. The user
attempts to orient the vehicle in such a way that the laser beam
enters the ring; however, the RTA mechanism is effective at
preventing the safety constraint from being violated, that is, the
user has full control of the vehicle when the RTA is inactive,
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Fig. 6. Experimental setup: The inertially fixed K vector is chosen to point
toward a ring, with the border of the ring describing the extent of the unsafe
set. A laser pointer is fixed to the body-fixed k direction so that the laser
touches the ring when 6(x) = 175°. Nominal, possibly unsafe, control actions
are suggested by a human operator via a joystick.
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Fig. 7. Line-of-sight angle versus time. Green indicates time iterations that

are unfiltered and red indicates times when the RTA filter is active. The extent
of the admissible set, 6,.x = 175°, is shown in the blue dashed line.
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Fig. 8. In-the-loop reachability analysis: at time t = 22.5 s, the backup

controller is applied due to a violation of the safety constraint. ¢, 4+ 7, = 15.6 s
reachable set prediction is shown in light blue. If the backup controller is
applied, the system is guaranteed to reenter the backup region Cp in 11 s,
as shown in purple.

and the RTA activates only as necessary to prevent violations
of the line-of-sight constraint (12).

In particular, unsafe primary control actions are chosen
by a human operator via a joystick with a controller
update rate of 10 Hz. A t, = 0.6 s, reachable set
computation is conducted assuming a zero-order hold for
this duration on the human operator’s command control
action, followed by a #, = 15 s reachability computation
under the backup controller. In the reachability computations,
we explicitly compute reachable set overapproximations at
each increment of 0.1 s along the system’s trajectory, that
is, six reachable set overapproximations are computed along

the ¢, = 0.6 s application of the performance controller and
k* = 150 reachable set overapproximations are computed
along the 7, = 15 s application of the backup controller.
On average, computing all 156 reachable set overapproxima-
tions of the system takes about 1 ms. Therefore, the RTA
filter logic computation is about two orders of magnitude
faster than the controller update rate. When necessary to avoid
collisions, the RTA mechanism applies the backup controller
to the system in order to guarantee system safety.

Results from the experiment are provided in Figs. 7 and 8.
Observe that, while the human operator commands unsafe
control actions via the joystick, the RTA mechanism applies
the backup control input when necessary in order to ensure the
satisfaction of the safety constraint for all time. Furthermore,
the angle 6(x) < 175°, as required, for all states x(¢) along
the system trajectories. A video of the experiment is available
at https://youtu.be/gl-zMepDm11.

VI. CONCLUSION

We developed and demonstrated an RTA filter for a torque-
controlled spacecraft in free rotational motion subject to
disturbances and a line-of-sight safety constraint. To design
the RTA filter, we first compute a terminal set that is
contained within the safety constraint set along with a
feedback control policy that renders this set robustly forward
invariant. We then propose an RTA mechanism that, given a
desired control policy, determines whether the desired control
can be safely applied to the system. Because the a priori
computed terminal set is generally conservative, the RTA
mechanism allows the system to evolve beyond this set
provided a safe return is possible. In turn, this is ensured
by computing an overapproximation of the reachable set of
states obtained by applying the desired controller followed
by a backup control strategy. Reachable sets are efficiently
overapproximated as hyperrectangules using the theory of
mixed monotone systems and include system disturbances
in the computation. The key innovation of our approach
is to couple efficient online reachable set computations
with a safe-but-conservative terminal set that is computed
offline. Applying this methodology to an underactuated, 5-D
spacecraft hardware platform required innovations in mixed
monotone systems theory to allow for efficient, provably
correct reachable set approximations that are computable
online.
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